Magnetar outburst and spin-down glitch by Tong, H. & Huang, L.
ar
X
iv
:2
00
5.
11
28
1v
1 
 [a
str
o-
ph
.H
E]
  2
1 M
ay
 20
20
MNRAS 000, 1–8 (2015) Preprint 25 May 2020 Compiled using MNRAS LATEX style file v3.0
Magnetar outburst and spin-down glitch
H. Tong1⋆, L. Huang2
1School of Physics and Electronic Engineering, Guangzhou University, Guangzhou 510006, China
2Key Laboratory for Research in Galaxies and Cosmology, Shanghai Astronomical Observatory, Chinese Academy of Sciences,
Shanghai 200030, China
Accepted XXX. Received YYY; in original form ZZZ
ABSTRACT
The outburst and spin-down glitch of magnetars are modeled from the magnetospheric
point of view. We try to answer the following four questions: (1) Which pulsar on the
period and peirod-derivative diagram are more likely to show magnetar outburst?
(2) Which outburst will make the glitch that triggered the outburst to become a spin-
down glitch? (3) Can we model the outburst and spin-down glitch in PSR J1119−6127
simultaneously? (4) Why the torque variation is delayed compared with the peak of the
X-ray luminosity in 1E 1048.1−5937 and PSR J1119−6127? It is found that both the
global and local twisted magnetic field will affect the radiation and timing behaviors of
magnetars. Especially, the delay of torque variations may due to the combined effect
of increasing twist in the j-bundle and untwisting of the global magnetosphere. A toy
model is build for magnetar outburst and torque variations. It can catch the general
trend of magnetar outburst: decaying flux, shrinking hot spot, and torque variations.
Key words: stars: magnetar – pulsars: individual (PSR J1119−6127; 1E
1048.1−5937) – pulsars: general
1 INTRODUCTION
Magnetars may be young and high magnetic field neutron
stars (Duncan & Thompson 1992; Kaspi & Beloborodov
2017). Compared with normal pulsars, the persistent and
burst emission of magnetars may be powered by their mag-
netic energy. While in normal pulsars, the star’s multi-
wavelength emissions and associated wind nebula are pow-
ered by the star’s rotational energy. However, the distinc-
tion between normal pulsars and magnetars is not abso-
lute. There may be a continuous distribution from pulsars
to magnetars. Possible links between pulsars and magnetars
include: (1) Pulsed radio emission of five magnetars are ob-
served up to now (Camilo et al. 2006; Camilo et al. 2007;
Levin et al. 2010; Shannon & Johnston 2013; Esposito et
al. 2020; Lower et al. 2020). (2) Several low magnetic field
magnetars (with dipole magnetic field order of ∼ 1012 G)
are discovered (Rea et al. 2010; Zhou et al. 2014). (3) A
possible magnetar wind nebula is discovered (Younes et al.
2016). (4) Magnetar activities are seen in one high magnetic
field pulsar PSR J1846−0258 (Gavriil et al. 2008, which is
radio quiet) and one radio-loud high magnetic field pulsar
PSR J1119−6127 (Archibald et al. 2016; Gogus et al. 2016).
It seems that a neutron star with a high magnetic field is
more likely to have magnetar activities. The magnetic en-
ergy must be converted to particle energy in order for us
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to see it. From the energy output point view, which pulsar
on the period and period-derivative diagram is more like to
show magnetar activities? This is the first question.
During magnetar outburst, various timing event are ob-
served (Dib & Kaspi 2014). Some of the glitches in mag-
netars are associated with outburst. While some are not
associated outbursts. A special kind of spin-down glitches
are observed during magnetar outburst (Archibald et al.
2013). All the spin-down glitches are associated with radia-
tive events (Archibald et al. 2017). During the magnetar out-
burst of PSR J1119−6127, the original glitch finally turned
out to be a spin-down glitch (Archibald 2016; Dai et al. 2018;
Archibald et al. 2018). Similar things also happened in the
outburst from the previous high magnetic field pulsar PSR
J1846−0258 (Livingstone et al. 2010). If a glitch triggers an
outburst in one magnetar, what’s the requirement on the
outburst in order to make the glitch to become a spin-down
glitch? This is the second question.
During the magnetar outburst of PSR J1119−6127, its
X-ray flux decrease with time, and its hot spot shrinks with
time (Archibald et al. 2018). The glitch at the start finally
turned out be a spin-down glitch (Dai et al. 2018; Archibald
et al. 2018). Can the outburst (flux decay and shrinking hot
spot) and spin-down glitch in PSR J1119−6127 be under-
stood simultaneously? This is the third question.
The spin-down glitch reflects the total effects of spin-
down torque. By looking carefully at the observations, it is
found that the torque variation is always delayed compared
c© 2015 The Authors
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with the flux evolution (in 1E 1048.1−5927, Archibald et al.
2020; in PSR J1119−6127, Archibald et al. 2018). This delay
is hard to understand in a simple magnetosphere. Why the
torque is delayed compared with the flux evolution? This is
the fourth question.
We try to answer the previous four questions from
magnetar magnetospheric point of view (Beloborodov 2009;
Tong et al. 2013; Tong 2019). In sections two to five, we will
answer question one to four, respectively. Especially, in sec-
tion five, a toy model for magnetar outburst is presented.
And possible physics for the delay of torque variation are
discussed. Discussion and conclusion are presented in sec-
tion six.
2 WHICH PULSAR ON THE P-P˙ DIAGRAM
IS MORE LIKELY TO SHOW MAGNETAR
OUTBURST?
The X-ray luminosity of persistent magnetars and peak lu-
minosity of transient magnetars is about 1035 erg s−1 (Coti
Zelati et al. 2018). Therefore, lines of constant rotational en-
ergy loss rate of 1035 erg s−1 and lines of constant magnetic
energy release rate of 1035 erg s−1 can be drawn on the P-P˙
diagram. For a typical moment of inertia of 1045 g cm2, the
rotational energy loss rate is
|E˙rot| = 3.95 × 10
46 P˙
P 3
erg s−1. (1)
A constant rotational energy loss rate of E˙rot = 10
35 erg s−1
corresponds to a line parallel to the death line on the P-P˙
diagram, see figure 1.
The magnetic energy release rate is more complicated.
It may include magnetic energy release from the crustal field
(Vigano` et al. 2013), from local twisted magnetic field in the
magnetosphere (Beloborodov 2009), or from open field line
regions of a globally twisted magnetosphere (Tong 2019).
Taken the globally twisted magnetosphere as an example.
For a globally twisted self-similar magnetic field, the radial
dependence of the magnetic field is: B ∝ r−(2+n) (Wolfson
1995). The magnetic free energy is1 (Tong 2019)
Emf = 0.5(1− n)
1.5 1
12
B2pR
3, (2)
where Bp is the surface polar magnetic field in the absence
of twist, R is the neutron star radius (taken as 10 km during
the calculations). The magnetic energy release rate and cor-
responding untwisting timescale depends on the acceleration
potential etc (Beleborodov 2009; Tong 2019). We may get an
empirical value about the untwisting timescale from magne-
tar outburst observations (Coti Zelati et al. 2018). The typ-
ical flux decay timescale is about one year. This may also
be taken as the untwisting timescale of the twisted magne-
tosphere: τ ∼ 1 yr. Therefore, the semi-empirical magnetic
energy release rate is
E˙p,twist ∼ Emf/τ. (3)
For typical value of n = 0.5, the magnetic free energy
1 The relation between the parameter n and the maximum twist
is: ∆φmax ≈ 2
√
35(1 − n)/16. The parameter n will be used. See
Tong (2019) for more discussions.
is Emf ∼ 10
44B2p14 erg, where Bp14 is the magnetic field in
units of 1014 G. The corresponding magnetic energy release
rate for n = 0.5 is E˙p,twist ∼ 10
37B2p14 erg s
−1. If most of the
magnetic energy released is converted to X-ray luminosity
(an efficiency about 1), then the corresponding X-ray lumi-
nosity is about 1037B2p14 erg s
−1. For a typical X-ray lumi-
nosity of magnetars about 1035 erg s−1 (persistent source or
peak luminosity during the outburst), the required magnetic
field of is about Bp14 ∼ 0.1, or Bp ∼ 10
13 G. This is much
smaller than the characteristic magnetic field of some mag-
netars. However, the spin-down torque of magnetars may be
enhanced due to the twist of the magnetic field, or an en-
hanced particle wind (Harding et al. 1999; Tong et al. 2013).
The true dipole magnetic field may be only 0.1 times the
characteristic magnetic field which is obtained by assuming
pure magnetic dipole braking (Tong et al. 2013). For a typi-
cal characteristic dipole field of 1014 G, the typical physical
magnetic field is about 1013 G. This is consistent with the
magnetic field inferred from luminosity considerations.
The constant magnetic energy release line E˙p,twist =
1035 erg s−1 can also be ploted on the P-P˙ diagram. Ac-
cording to the above discussions, the true magnetic field is
related with the characteristic magnetic field Bp = 0.1Bc,
where Bc = 6.4×10
19
√
PP˙ G is the characteristic magnetic
field. This corresponds to line parallel to the characteristic
magnetic field line in the P-P˙ diagram, see figure 1.
From Figure 1, the four regions ABCD have different
properties.
• Regions A and B are above the constant rotational en-
ergy loss rate line. Pulsars in this region have high rotational
energy loss rate E˙rot ≥ 10
35 erg s−1.
• Regions C and D are below the constant rotational en-
ergy loss rate line. Pulsars in this region have relative low
rotational energy loss rate E˙rot ≤ 10
35 erg s−1.
• Regions B and C are above the constant magnetic en-
ergy release line. Pulsars in this region have relative high
magnetic field. When the pulsar’s magnetosphere is twisted,
it can have a high magnetic energy release rate E˙p,twist ≥
1035 erg s−1.
• Regions A and D are below the constant magnetic en-
ergy release line. Pulsars in this region have relative low mag-
netic field. Even when the pulsar’s magnetic field is twisted,
the corresponding magnetic energy release rate is relatively
low E˙p,twist ≤ 10
35 erg s−1
More specifically, these four regions may corresponds to
different sub-populations of pulsars.
(i) Region A may correspond to young pulsars. Pulsars
in this region have high rotational energy loss rate. How-
ever, their magnetic field is relatively low. Even if their
magnetic field is twisted, the corresponding magnetic en-
ergy release rate is lower their rotational energy loss rate
E˙p,twist < 10
35 erg s−1 < E˙rot. Therefore, emission of pul-
sars in region A are dominated by their rotational energy
loss rate. They are young and energetic pulsars.
(ii) Region B may correspond high magnetic field pulsars.
Pulsars in this region have both high rotational energy loss
rate and high magnetic energy release rate (if their magne-
tosphere are activated by the twist). Both of the two high
magnetic field pulsars are located near region B. Two of
the radio emitting magnetars (1E 1547.0−5408 and Swift
MNRAS 000, 1–8 (2015)
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J1818.0−1607) are also located on the edge of region B. Fur-
thermore, the radio magnetar Swift J1818.0−1607 may be
a transition source between normal radio pulsars and the
previous four radio emitting magnetars (Lower et al. 2020).
(iii) The majority of magnetars are located in region C.
Pulsars in this region have low rotational energy loss rate.
However, their magnetic field is relatively high. When the
pulsar’s magnetosphere is twisted, their magnetic energy re-
lease rate can be higher than the rotational energy loss rate
E˙p,twist > 10
35 erg s−1 > E˙rot. Pulsars in this region can be
persistent magnetars or transient magnetars.
(iv) Pulsars in region D have low rotational energy loss
rate E˙rot < 10
35 erg s−1. At the same time, their magnetic
field is also relatively low. Even if their magnetosphere are
twisted, the corresponding magnetic energy release rate is
also relatively low E˙p,twist < 10
35 erg s−1. Therefore, pul-
sars in region D are hard to detect using high energy observa-
tions. However, pulsars can also have pulsed radio emissions.
Therefore, pulsars in region D should be mainly detected via
their radio emission. Most of the normal pulsars lies in this
region.
The boundary between the four regions are not definite.
It is only a crude boundary between the relative strength of
rotational energy output and magnetic energy output. There
should be a smooth transition between different regions. Fur-
thermore, when pulsars in region A are evolved in age, they
may all go to region D. Pulsars in region B and C will also
go to region D considering evolution of the magnetospheric
physics or magnetic field decay (Kou et al. 2019).
Pulsars in region C and D can be both detected via
their radio emissions. The radio emitting magnetar PSR
J1622−4950 is first discovered through its radio emission
(Levin et al. 2010). Then more transient magnetars may be
detected in future surveys: first via their radio emission, then
they may show some kind of magnetar outburst in the X-ray.
While at present, transient magnetars are mainly discovered
through their outburst in X-rays. There are five radio emit-
ting magnetars at present. However, their radio properties
are very different from normal radio pulsar in region D. From
this aspect we may infer that the radio emission of the ra-
dio emitting magnetars may originate from their magnetic
energy. The magnetar’s radio emission have different proper-
ties because they originate from a different energy reservoir.
However, in principle, magnetars can have rotation powered
radio emissions with properties similar to that of normal
pulsars (Zhang 2002). The recently discovered radio mag-
netar Swift J1818.0−1607 may represent a transiton object
between normal radio pulsars and the previous four radio
emitting magnetars.
The above definition of the magnetic energy release line
is based on the global twisted magnetosphere. If the mag-
netosphere is locally twisted, or the magnetic energy release
in the crust dominates, the total magnetic free is also pro-
portional to Emf ∝ B
2
p ∝ PP˙ . Assuming an empirical con-
stant magnetic energy release timescale, the typical lumi-
nosity during outburst is about Lx ∝ Emf/τ ∝ PP˙ . It will
also be a line parallel to the characteristic magnetic field
line. The differences may be only quantitative. Therefore,
the discussions about the four regions on the P-P˙ diagram
is still valid. This treat will also be used in the following in
building a toy model for magnetar outburst.
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Figure 1. Distribution of pulsars and magnetars on the pe-
riod and period-derivative diagram. The thick solid line par-
allel to the death line is the constant rotational energy loss
rate line |E˙rot| = 1035 erg s−1. The thick solid line par-
allel to the characteristic magnetic field line is the constant
magnetic energy release line E˙p,twist = 10
35 erg s−1. The
P-P˙ diagram is divided into four regions by these two lines.
The discussion about these four regions are presented in the
main text. Different symbols represent different kinds of pulsars:
black points are normal rotational powered pulsars (Manchester
et al. 2005; https://www.atnf.csiro.au/research/pulsar/psrcat/),
red stars are rotating radio transients (RRATs, McLaugh-
lin et al. 2006), pink triangles are intermittent pulsars
(Kramer et al. 2006), blue cycles are the two high mag-
netic field pulsars showing magnetar-like activities (Gavriil
et al. 2008; Archiblad et al. 2016), blue squares are mag-
netars (empty blue squares are radio emitting magnetars,
Olausen & Kaspi 2014; http://www.physics.mcgill.ca/ pul-
sar/magnetar/main.html), green diamonds are X-ray dim isolated
neutron stars (Kaplan & van Kerkwijk 2011), cyan cycles are cen-
tral compact objects (Gotthelf et al. 2013), gray cycles are the
three slow radio pulsars with the longest pulsation period (Tan
et al. 2018).
3 WHICH OUTBURST WILL MAKE THE
GLITCH TO BECOME A SPIN-DOWN
GLITCH?
If a glitch triggers an outburst in a magnetar, the parti-
cle outflow during the outburst will also be enhanced. This
will result in an enhanced spin-down rate of the magnetar
(Harding et al. 1999; Tong et al. 2013). More rotational en-
ergy will be carried away by the outflowing particles. The
net effect of the rotational evolution of the magnetar may be
a spin-down glitch (Tong 2014), contrary to normal glitches
in pulsars and some magnetars. During a glitch, the increase
of the rotational energy of the neutron star is
∆Erot = 2Erot
∆ν
ν
. (4)
The typical glitch size in magnetars is about ∆ν
ν
∼ 10−6 (Dib
& Kaspi 2014). During the outburst, the rotational energy
loss rate of the magnetar is enhanced due to an enhanced
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particle wind (Tong et al. 2013)
E˙w = E˙d
(
Lp
E˙d
)1/2
, (5)
where E˙w is the rotational energy loss rate due to the en-
hanced particle wind, E˙d = 2µ
2Ω4/3c3 is rotational energy
loss rate in the case of magnetic dipole braking, Lp is the
particle wind luminosity. For magnetars, the particle wind
luminosity may be comparable to the X-ray luminosity and
higher than its rotational energy loss rate: Lp ∼ Lx > E˙rot.
The typical observational duration of magnetar spin-down
glitch may be about tens of days (Archibald et al. 2017).
The particle luminosity may be taken as constant during
this time interval. The total rotational energy carried away
by the enhanced particle wind for a time interval of ∆t is
∆Ew = E˙w∆t. (6)
In order to make the glitch to become a spin-down
glitch, the rotational energy carried away by the enhanced
particle wind should be larger than the increase due to the
glitch at the start
∆Ew ≥ ∆Erot. (7)
Or more explicitly
E˙d
(
Lp
E˙d
)1/2
∆t ≥ 2Erot
∆ν
ν
. (8)
For an over recovery with a Q factor about ten (Archibald
et al. 2017), more rotational energy should be carried away
E˙d
(
Lp
E˙d
)1/2
∆t ≈ Q× 2Erot
∆ν
ν
. (9)
After some manipulation, the final result is (numerical factor
concering 2/3 are dropped out)
L1/2p ∆t ≈
c3/2I
µ
Q
∆ν
ν
. (10)
This equation means that for a glitch in a magnetar (∆ν
ν
), if
it finally turned out to be spin-down glitch with a Q factor,
the corresponding particle luminosity and duration of the
enhanced particle wind should be meet the above require-
ment.
For typical parameters of moment of inertial I ∼
1045 g cm2, dipole magnetic moment µ ∼ 4.4× 1031 G cm3
(for typical magnetic field about the quantum critical field
4.4 × 1013 G), glitch size ∆ν
ν
∼ 10−6, an over recovery Q
factor Q ∼ 10, and particle luminosity similar to the X-ray
luminosity Lp ∼ Lx ∼ 10
35 erg s−1, the required duration
of particle wind ∆t is about 40 days
∆t ≈ 40
(
∆ν/ν
10−6
)(
Q
10
)(
B
4.4 × 1013 G
)
−1
(
Lp
1035 erg s−1
)
−1/2
day. (11)
If the Q factor is about one, the required duration of the
particle wind ∆t is about several days. This means that a
larger over recovery Q factor will require a longer duration of
the particle wind. This is in general consistent with results
summaried in Table 3 in Archibald et al. (2017). This is
especially true for the two spin-down glitches in 4U 0142+61:
larger Q factor, longer duration of the spin-down timescale.
Future more spin-down glitches will help to test the above
constraints.
4 COMBINATION: OUTBURST AND
SPIN-DOWN GLITCH IN PSR J1119−6127
There is a peak luminosity during magnetar outburst (Coti
Zelati et al. 2018). Therefore, low luminosity magnetars (or
transient magnetars) are more likely to show a large dynami-
cal range during the outburst. The radio-loud high magnetic
field pulsar PSR J1119−6127 is similar to transient magne-
tars in this aspect (Archibald et al. 2018). The magnetar
XTE J1810−197 is a typical example of transient magne-
tars. During its outburst decay phase both a decreasing X-
ray luminosity and shrinking hot spot are observed (Alford
& Halpern 2016). However, observationally a neutron star
radius of 30 km is required (Alford & Halpern 2016). This
is unreasonable large and may due to other uncertainties. In
the case of PSR J1119−6127, this does not happen. Further-
more, during the outburst decay phase of PSR J1119−6127 a
spin-down glitch is also observed (Dai et al. 2018; Archibald
et al. 2018). This will make the magnetar outburst in PSR
J1119−6127 very interesting.
In the twisted local magnetic field model for magnetar
outburst (Beloborodov 2009), the X-ray luminosity is due
to magnetic energy release during the untwisting process of
the magnetosphere. In the globally twisted magnetosphere
model, the magnetar may have large polar caps despite its
long period (Tong 2019). Particle outflow in the open field
line regions may also result in the untwisting of the magne-
tosphere (Tong 2019)
Emf
dt
= −E˙p,twist. (12)
In the above discussions, estimations on the magnetic energy
release rate are given. Physically, the particle luminosity is
determined by the outflowing current and acceleration po-
tential
E˙p,twist = 2Ipc∆V, (13)
where Ipc is the polar cap current (can be modeled as the
Goldreich-Julian current, Tong 2019), ∆V is the accelera-
tion potential for each particle, a factor of 2 considers there
two polar caps. In Tong (2019), the maximum acceleration
potential is used. This is in order to make a unified de-
scription of magnetars and pulsars. For PSR J1119−6127,
its pulsation period is about 0.4 s (Weltevrede et al. 2011).
It is shorter than that of magnetars. Therefore, the corre-
sponding maximum acceleration potential will be very large.
However, as in the case of pulsars, there may a critical accel-
eration potential in the magnetosphere (Medin & Lai 2010;
Tong & Xu 2012). The physical acceleration potential can
not be much higher than this critical value because the gap
will be ceased by the cascade when the critical acceleration
potential is reached. Therefore, for PSR J1119−6127 a con-
stant acceleration potential is chosen ∆V ∼ (1012− 1013) V
(Tong & Xu 2012; Kou & Tong 2015). The acceleration po-
tential in the polar acceleration gap depends weakly on the
rotation of neutron star (Ruderman & Sutherland 1975). It
can be approximated by the constant acceleration potential.
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The magnetosphere untwisting equation (13) is an or-
dinary differential equation for the parameter n. When n(t)
is known, the corresponding magnetic free energy and its
time derivative is known. And the time derivative derivative
of the magnetic free energy E˙mf corresponds to the X-ray
luminosity of magnetars, by assuming an energy conversion
efficiency of one. The polar cap of the neutron star is related
to the parameter n (Tong 2019)
sin θpc =
√
(R/Rlc)n
(15 + 17n)/32
, (14)
where R is the neutron star radius, and Rlc is the light
cylinder radius. Therefore, the shrinking hot spot (which
is approximately: R sin θpc) can also be model by the un-
twisting globally twisted magnetosphere. The initial value
of the hot spot radius determines the initial value of the
parameter n. The peak luminosity during the outburst de-
termines the magnetic field. The only left free parameter in
solving equation (13) is the acceleration potential. For PSR
J1119−6127, it is found that for a constant acceleration po-
tential of ∆V = (1− 2)× 1013 V can explains both the flux
and hot spot as a function of time. This value of accelera-
tion potential is similar to that of normal pulsars (Medin &
Lai 2010; Tong & Xu 2012). For n(0) = 0.4, a surface polar
magnetic field in the absence of twist of Bp = 10
13 G, and
∆V = 1013 V, the flux and hot spot for PSR J1119−6127 is
shown in figure 2. If only one polar cap is seen, and for an
energy conversion efficiency about one, the theoretical X-ray
luminosity should be 1
2
of the total magnetic energy release
rate. Observationally, a spherical blackbody emitting surface
is assumed. Therefore, the observational reported hot spot
radius is actually 1
2
of the polar cap radius. These two factors
have been taken into consideration in figure 2. The model
calculations in the globally twisted magnetosphere can catch
the general trend of outburst in PSR J1119−6127.
Even at the peak outburst, the X-ray luminosity of PSR
J1119−6127 is still less than its rotational energy loss rate
(Archibald et al. 2018). This means that the above discus-
sion about the origin of spin-down glitch does not apply in
PSR J1119−6127. There may be two possibilities for the
enhanced torque and spin-down glitch in PSR J1119−6127.
(i) A stronger particle wind. If the energy conversion effi-
ciency from particle luminosity to X-ray luminosity is much
smaller than one (as in the case of normal pulsars), then the
actual particle luminosity can be higher than the rotational
energy loss rate. The above discussion in Section 3 about
wind enhanced torque can be applied to PSR J1119−6127.
(ii) Enhanced torque due to an enhanced magnetic field.
Both the magnetic dipole braking and the wind braking
model of magnetars assumes a large scale dipolar field. When
the large scale magnetic field is a twisted dipole magnetic
field, it is possible that the torque is also enhanced compared
with the magnetic dipole braking case. During the untwist-
ing process, the torque will decay with time. The net effect
of the enhanced spin-down torque may make the glitch to
become a spin-down glitch.
Both of the above two scenarios will result in posi-
tive correlation between the X-ray luminosity and the spin-
down torque. However, observationally, the torque variation
is delayed compared with the evolution of the X-ray lumi-
nosity (Dai et al. 2018; Archibald et al. 2018). The delay
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Figure 2. X-ray flux and hot spot radius of PSR J1119−6127.
The blue squares are observations (table 2 in Archibald et al.
2018). The time of the first observation is taken as day the first.
The black lines are the model calculations in the globally twisted
magnetosphere.
of torque variations have been observed many times in 1E
1048.1−5937 (Archibald et al. 2020). This may tell us that
the magnetosphere of magnetars should be more compli-
cated than the simple self-similar solution. More detailed
modeling of the magnetosphere may help to explain why
the torque is delayed compared with luminosity evolution.
5 A TOY MODEL FOR MAGNETAR
OUTBURST AND DELAY OF TORQUE
VARIATION
5.1 A toy model for magnetar outburst
During magnetar outburst, a decaying flux, shrink hot spot,
decaying torque, spin-down glitch, softening spectra etc are
often seen (Kaspi & Beloborodov 2017; Coti Zelati et al.
2018). The internal origin may have difficulties in explain-
ing the shrink hot spot (Vigano` et al. 2013). Detailed mod-
eling of the magnetosphere may require semi-analytical or
numerical calculations (Beloborodov et al. 2009; Tong 2019).
If we relax some of the assumptions, simple analytical for-
mula may be obtained for magnetar outburst. This kind of
toy model can catch the general trend of magnetar outburst
(decaying flux, shrinking hot spot etc). It may be a bridge
magnetar theory and observations.
Irrespective of the location of the twist (local or global
etc), the magnetic free energy is decaying during the out-
burst. By introducing some “relaxation time” τ , the evolu-
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tion of the magnetic free energy is
dEmf
dt
= −
Emf
τ
. (15)
For a constant relaxation time, the magnetic free energy
decays with time exponentially:
Emf(t) = Emf,0e
−t/τ , (16)
where Emf,0 is the initial magnetic free energy. This will
result in an exponentially decaying magnetic energy release
rate
|E˙mf | =
Emf,0
τ
e−t/τ . (17)
This may corresponds to the exponential flux decay in ob-
servations: Lx(t) = Lx,0e
−t/τ .
In the globally twisted magnetar magnetosphere model,
the evolution of the magnetic free energy corresponds to the
evolution of the parameter n, see equation (2). In equation
(2), the magnetic free energy depends on the parameter n is
a nonlinear way. It can be approximated in a linear way
0.5(1− n)
1
12
B2pR
3 = Emf . (18)
By solving this equation, the parameter n evolves with time
as
n(t) = 1− (1− n0)e
−t/τ , (19)
where n0 is the initial parameter of n. It is related to the ini-
tial magnetic free energy and magnetic field strength. How-
ever, it can also be determined directly from the observa-
tions. The magnetar polar cap is related to the parameter
n through equation (14). The polar cap radius may corre-
sponds to the observed hot spot radius. From the initial
observation of the hot spot radius, the initial parameter n0
can be determined. The evolution of the hot spot radius can
be modeled by combining equation (14) and (19). Further-
more, equation (14) can also be further simplified by n ≈ 1
θpc =
(
R
Rlc
)n/2
. (20)
And the corresponding polar cap radius is
Rpc = R
(
R
Rlc
)n/2
(21)
= R
(
ΩR
c
)n/2
, (22)
where n is given by equation (19).
For high magnetic field pulsar, their angular velocity
Ω is relative large (compared with magnetars). Therefore,
the parameter n may be near 1 in order to explain the hot
spot observations (e.g., a hot spot of 1 km). This means that
the magnetosphere of high magnetic field pulsars does not
deviates from the dipole case significantly. For magnetars
with a small anuglar velocity Ω, in order to explain the hot
spot observations the parameter n should generally smaller
than the high magnetic field pulsar case. This means that the
magnetosphere of magnetars deviates from the dipole case
significantly during outburst. Observationally, the radio and
X-ray pulse profile of magnetar may be more complex and
may evolve with time significantly during outburst. This is in
general consistent with magnetar observations. For typical
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Figure 3. Luminosity and hot spot evolution of magnetars in the
toy model. The bottom panel demonstrates the possible result of
torque delay compared with the flux.
parameters of Emf,0 ∼ 3 × 10
42 erg, and τ ∼ 1 yr, the
correspond initial X-ray luminosity is about 1035 erg s−1.
For an initial parameter of n0 ∼ 0.5, the hot spot radius is
about 1 km. Using these typical parameters, the luminosity
and hot radius evolution is shown is figure 3.
5.2 Delay of torque variations
The spin-down glitch is due to the integration effect of
the enhanced torque. The observations also tell us that the
torque variation is delayed compared with the peak of the
flux (Dai et al. 2018; Archibald et al. 2018). This have hap-
pened many times in the case of 1E 1048.1−5937 (Archibald
et al. 2020). Some guess can be make about the delay of
torque variations based on previous models.
For a twisted magnetosphere of magnetars, it is natural
that there are twist in both the closed and open field line re-
gions (Glampedakis et al. 2014). In order to model the true
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situation, there are two extremes: (1) Consider the twisted
magnetosphere as a globally twisted self-similar magneto-
sphere (Thompson et al. 2002; Pavan et al. 2009; Tong 2019).
(2) Consider some dominate local twist (Beloborodov 2009).
In the global twisted magnetosphere, due to the inflation of
the magnetic field lines in the radial direction, the magnetar
can have large polar caps (Tong 2019). During the untwist-
ing process, a decreasing X-ray luminosity and a shrinking
hot spot is expected. In the twisted local magnetic field sce-
nario (Beloborodov 2009), the j-bundle may be taken as the
effect polar cap. Therefore, a decreasing flux and shrink-
ing hot spot is also expected during outburst. Observation-
ally, two exponential decaying component is found in 1E
1048.1−5937 (Archibald et al. 2020). This may corresponds
to the two contributing sources in the magnetosphere: the
component with short/long timescale due to untwisting of
the local/global component, respectively.
However, during untwisting process the j-bundle will
have an increasing twist. This will make the magnetic field
in the j-bundle increase with time, until it saturates. The
saturation is reached when the toroidal field is comparable
to the poloidal field (Uzdensky 2002). If the j-bundle is co-
incide with the polar cap regions, it may make the effective
magnetic field in the polar cap region increase with time:
B(t)/B0 ∝ (1 − e
−t/τ1). At the same time, untwisting of
the global magnetosphere will make the twist decay with
time, therefore B(t)/B0 ∝ e
−t/τ2 . By combining these two
factors, the effective magnetic field may evolve with time in
the following form
B(t)
B0
= 1 + A(1− e−t/τ1)e−t/τ2 , (23)
where B0 is the initial untwisted magnetic field, A is am-
plitude factor, τ1 and τ2 are the untwisting timescale for
the local twist and global twist, respectively. The spin-down
torque is expected to be proportional to B(t)2. Therefore, we
can calculate the variation of the torque compared with the
untwisted case (or persistent case). The result is shown in
the bottom of figure 3. Typical parameters are: an amplitude
of A = 2, τ1 taken as 50 days (the shorter timescale for the
flux decay, Archibal et al. 2020). τ2 is set to be τ2 = τ , the
flux decaying timescale in the previous toy model (which
is similar to the longer timescale for the flux decay in 1E
1048.1−5937, Archibald et al. 2020). The toy model and the
discussion here can catch the general behavior of magnetar
outburst: decaying flux, shrinking hot spot, torque variations
and its delay.
6 DISCUSSION AND CONCLUSION
Some general discussions are presented for magnetar out-
burst, spin-down glitches, and delay of torque variations.
The observations of outburst in PSR J1119−6127 and 1E
1048.1−5937 are discussed in more detail. The typical exam-
ple of magnetar outburst in XTE J1810−197 have been mod-
eled in previous works (Beloborodov 2009; Tong 2019). It is
straightforward to do similar calculations for other sources:
evolution of their flux, hot spot, torques etc. The model pa-
rameters may change from source to source. But the general
trend is similar (Coti Zelati et al. 2018).
The coupled evolution of magnetic field and thermal
heat may also explain the flux decay of magnetar outburst
(Vigano` et al. 2013). But it may have difficulty in explaining
the shrinking hot spot. The magnetospheric model (both lo-
cal and global modeling, Beloborodov 2009; Tong 2019) can
explain the decreasing flux and shrinking hot spot simulta-
neously. In explaining the spin-down glitch and torque vari-
ations, there may be two case of: (1) the toque variation is
dominated by a strong particle wind (Lp ∼ Lx > E˙rot Tong
et al. 2013; and Section 3), (2) the torque variation is due
to changes in the magnetic field strength (the corresponding
particle wind is not very strong, Section 5.2). In the case of
a strong particle wind, the torque variation is directly re-
lated to the flux evolution. There will be not delay of torque
variations. Some magnetar outburst may corresponds to this
case (XTE J1810−197, Levin et al. 2019). Both the untwist-
ing global magnetosphere and the local magnetic field may
contribution the evolution of the magnetic field. This case
may result in the delay of torque variations. However, the
evolution of twist (not self-similar) in both the open and
closed field line regions may be beyond the reach of analyt-
ical modeling. Numerical calculations in this direction are
need.
Some suggestion for the observers when discussing mag-
netar outburst.
(i) If they want to discussion the decaying flux and shrink
hot spot, they can use the toy model presented in Section
5.1. The initial flux and decaying timescale τ can be obtained
by fitting the flux evolution. The initial parameter of n0 can
be obtained by the initial observations of hot spot. The evo-
lution of hot spot can be model using equation (21). After
using this toy model, more detailed model calculations can
be done (Beloborodov 2009; Vigano` et al. 2013; Tong 2019).
If two exponential components are presented in the flux ob-
servations, the component with longer timescale should be
chosen.
(ii) If they want to discuss the spin-down glitch, they
can use the constrains presented in Section 3. It is for the
strong particle wind case Lp ∼ Lx > E˙rot. In the case of
Lp ∼ Lx ≤ E˙rot, the corresponding calculations can only be
taken as order of magnitude estimations. The torque form
based on equation (23) (the torque is ∝ B(t)2) can also be
employed to discuss the spin-down glitch. Order of magni-
tude estimation is: the spin-down rate will be amplified by
about A2 for a duration about τ1, for a spin-down glitch
with over-recovery factor of Q the final requirement is:
A2τ1 ∼ Qτc∆ν/ν, (24)
wehere τc is the magnetar’s characteristic age.
(iii) If they want to discuss the delay of torque variations,
they can use the calculations in Section 5.2. The flux decay
should be model by two exponential component. Then τ1
and τ2 can be obtained. The only free parameter is the am-
plitude A.
In conclusion: (1) Pulsars with stronger magnetic field
are more likely to show magnetar outburst. Because when
their magnetosphere are twisted, the resulting magnetic en-
ergy release rate is very high (can be higher than their ro-
tational energy loss rate). (2) The particle flux and the out-
burst duration should meet some requirement in order to
make the glitch (which trigger the magnetar outburst) to be-
come a spin-down glitch. (3) Magnetospheric modeling can
MNRAS 000, 1–8 (2015)
8 Tong & Huang
catch the general trend of outburst in PSR J1119−6127. In
order to explain its spin-down glitch, some additional inputs
may be needed. (4) A toy model for magnetar outburst is
build. The delay of the torque variation may be due to com-
bined effects of increasing twist in the j-bundle (which is due
to untwisting of some local twist) and a global untwisting
magnetosphere.
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